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ABSTRACT 
Any Hermitian matrix A is a linear combination of four projections. The number 
of projections can be reduced to three or two according as rank(A) =G 7 or < 3. 
We work with the algebra M,(C) of complex n X n matrices. We will call 
a Hermitian idempotent a projection and think of C” as the space of n X 1 
matrices. For x E C n, we denote the conjugate transpose of x by x*, which is 
a 1 X n matrix. Every projection P of rank one in M,(C) has a form P = xx* 
with some unit vector x E C”. 
For each n E N, let K(n) denote the minimum of all k E N such that 
every n X n Hermitian matrix can be represented as a linear combination of k 
projections in M,(C). It is known that K(n) is a number much smaller than n 
(see [ll, [31, and [41). R ecently it was pointed out in [Z] that K(n) < 5. In the 
present paper we shall prove K(n) < 4. 
For t E R, let [t] denote the integral part of t. Then our result is stated as 
follows. 
THEOREM. min(3, [log, n] + 1) < K(n) < min(4, [log, nl+ 1). 
As particular cases, we have the following, 
COROLLARY. K(1) = 1, K(2) = K(3) = 2, and K(4) = K(5) = K(6) = K(7) 
= 3. 
The proof of the theorem will be divided into several steps. Basic to the 
proof is the following elementary lemma on 2 X 2 matrices. 
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LEMMA 1. Given a, /?, A, p E R, there exist projections P, Q of rank one 
in M,(C) such that 
diag(h,p)=aP+PQ (1) 
if and only if 
A+~=a+P and /I(YI-I~~~~IX-~II~I~I+IPI. (2) 
Proof. Since the general form of a projection of rank one in M,(C) is 
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(1) holds for some P, Q if and only if there exist s, t E [ - 1, l] and 8, + E Iw 
such that 
A= 41+4+P(1+t) 
2 ’ 
~ = 4 - s)+PO -t> 
2 > (3) 
The simultaneous equations (3) are solvable if and only if 
h+p=a+P, A-p=as+pt, 
a”( 1 - s2) = p “( 1 - 9) 
(4) 
hold for some s, t E [ - 1, 11. It is easily seen that the range of the continuous 
function (s, t ) - as + Pt, considered on the compact set {(s, t ) : a2(1 - s2) = 
P2(1 - t2>, s, t E [ - 1, II>, is the union of two intervals 
[ - la1 - IPl, - II4 - IPIll ” [lb4 - IPIL Ial+ IPII. 
Thus (2) is equivalent to (4). n 
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The lemma will be used in the following form. 
LEMMA 2. Let e,, e, be unit vectors in C” such that el = e, or e, is 
orthogonal to e,. lf 
then there exist unit vectors x, y E span(e,, es), the linear span of e,, e2, such 
that 
Xe,e: + pe,e,* = am* + (A + p - a)yy*. (5) 
In fact, if e, = e2, take x = y = e,. Suppose that e, is orthogonal to e,. If 
(u>A>O>~, then (2) with /3=h+p-a is seen to be valid from the 
relations 
]a]+ I/3] = 2cr - X - ~1 and ]a] - I/3] = h + p, 
while if X > (Y > ~12 0, this follows from the relations 
]ar]+ ]p] = A + p and ]a] - ]fi] = 2a - A - ,u. 
Thus Lemma 1 can be applied. 
Now we proceed to the proof of the theorem. 
Proof of K(n) < [log, n] + 1. This follows from the following assertion: 
Any Hermitian matrix A in Me(C) can be written as a linear combination 
of no more than [log,{ rank( A)}] + 1 projections in Me(C). 
Let us prove the assertion by induction. The case rank(A) = 1 is obvious 
because any matrix of rank one is a scalar multiple of a projection. Suppose 
that the assertion is true for all Hermitian matrices of rank not greater than 
n - 1. Let A be any Hermitian matrix of rank n, and represent it in the form 
A= 2 Xjeje,?, 
j=l 
where { ej }r= r is an orthonormal system of eigenvectors, and the eigenvalues 
{ X j }y= i are arranged in decreasing order 
(7) 
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By considering - A if necessary, it may be assumed that there is k E N such 
that 
kan-k and Xk>O>Xk+r (8) 
(with the convention A,, r = - co). 
First let us treat the case n is odd. Let m = (2k - n + 1)/2. Then by (6) 
m-1 
A = C { X,_ie,,_ie,*_i + h,+iem+ie,*+i} + X,e,e,* 
i=l 
n-k 
+ c {A k+l-jek+l-je?+I-j+‘k+jek+je,*,j}’ 
j=l 
When k = n the last term does not appear. Let a = A,. Since by (7) and (8) 
Am_i>a>X,+iao (i=1,2,...,m-1) 
and 
a>x k+l-j > 0 > xk+j (j=1,2 ,.a., n-k), 
according to Lemma 2 there exist unit vectors xi, yi E span(e,_,, e,,,) and 
Uj, Uj E spm(ek+l_j, ek+j) such that 
h,_,e,_,e,*_, + hm+iem+iem+i = axixT + ( X,_i + X,+i - a)yiy: 
(i = 1,2,...,m - 1) 
and 
(j=1,2 ,..., n-k). 
Since{xi,uj,e,:i=1,2 ,..., m-l,j=1,2 ,..., n-k}isanorthogonalfamily, 
m-l n-k 
P= C xix: + C ujuT+eme,* 
i=l j=l 
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is a projection, and A = aP + B, where 
m-1 n-k 
B= C (X,-i +A,+i-~)Y,v~+ C (hk+l-j+Xk+j-a)Z)juj*’ 
i=l j=l 
Since B is a Hermitian matrix and 
rank(B)$(m-l)+(n-k)=q= [:I, 
by the induction assumption it is a linear combination of no more than 
[log,([ n/2])] + 1 projections. Now the induction is completed by the inequal- 
ity 
~04Ml +1< [logan]. 
Next, in the case where n is even, let m = (2k - n)/2. Then by (6) 
A= F {A * ,+I-i%+l-i%+l-i +A ,+i%+i%+i * > 
i=l 
n-k 
+ c {A k+l-jek+l-jei%-j +A k+jek+jek*+j 
j=l 
When k = n the last term does not appear. Let (Y = h,. If 2k = n, the first 
term in the above does not appear and we take (Y = h,. Just as in the above, 
there exist a projection P and a Hermitian matrix B such that 
A=aP+B and rank(B)$m+(n-k)=i; 
hence the induction is completed analogously. n 
Proof of K(n) < 4. Let A be any n X n Hermitian matrix, and represent 
it in the form (6) with (7). By considering - A if necessary, it may be 
assumed that 
t hi > 0. (9) 
j=l 
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Set yk=Ci=iXj for k=l,2,...,n, .s=l/ny,, and a=max{yk-(k-1)E:k 
=1,2,..., n }. Since by (7) and (9) 
yk-(k-1)&),0> -(Y&W) (k=1,2,...,n), 
according to Lemma 2 there exist unit vectors xk, yk E span( ek, ek+ i ) (k = 
1,2,..., n) (with the convention e, + i = e, ) such that 
{ yk - (k - 1)~) e&f - (yk - ke)ek+le,*,l = axkxk* - (a- E)Y~Y~*. 
If i z j, then xsi is orthogonal to xsj, and xzi_i is orthogonal to xzj_i (and 
similar relations hold for the family { z~~}i=i). Therefore all the matrices 
P,= c XkX,f> P2= c XkXk*, 
k odd k even 
Qz = c !_fkYk* 
k even 
are projections, and 
A= 2 ({Yk-(k-l)&}ekek*-(Yk-k&)ek+,e:+,) 
k=l 
This proves K(n) < 4. n 
REMARK. In the above proof, the idea of gathering odd or even indexed 
vectors is due to [3], in which K(n) < 6 is proved. 
Proof of K(n) > 3 for n > 4. Consider a matrix 
A = diag(A,, hs,...,h,) 
such that 
A, > A, > . . . >A,>0 and 2Ai> 2 hi. (10) 
i=l 
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Suppose that A is represented as a linear combination of two projections P, Q: 
A=aP+PQ (with CX>/~). 01) 
First let us show that fi > 0. If p < 0, then the relation aP = A + ( - /3)Q 
implies that the projection P has rank n; hence P = I, the identity matrix. 
Then (11) implies that the number of distinct eigenvalues of A is at most 3, 
contradicting n >/ 4. Next, comparison of the traces of both sides of (11) yields 
5 hi = arank(P)+prank(Q) 
j-1 ’ 
while A,<a+fl is an obvious consequence of (11) and (Y, /3 > 0. When 
combined with (lo), these inequalities imply 
curank(P)+prank(Q) < 2((u+/3), 
which is possible only when rank(P) = 1 and rank(Q) = n - 1. Finally the 
relation 
A-/3Z=crP-P(Z-Q) 
leads to a contradiction, because 
rank(A-/3Z)>n--123 but rank(cuP--P(Z-Q))<2. 
This contradiction shows the impossibility of the representation (11); thus 
K(n)> 3. W 
The author wishes to thank Professor T. Ando for many helpful discus- 
sions. 
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